Abstract. We study deformations of a pair of a Q-Fano 3-fold X with only terminal singularities and its elephant D ∈ |−K X |. We prove that, if there exists D ∈ |−K X | with only isolated singularities, the pair (X, D) can be deformed to a pair of a Q-Fano 3-fold with only quotient singularities and a Du Val elephant. When there are only non-normal elephants, we reduce the existence problem of such a deformation to a local problem around the singular locus of the elephant. We also give several examples of Q-Fano 3-folds without Du Val elephants.
Introduction
In this paper, we consider algebraic varieties over the complex number field C unless otherwise stated.
The main object of the study in this paper is an elephant of a Q-Fano 3-fold. A Q-Fano 3-fold is a normal projective 3-fold with only terminal singularities whose anticanonical divisor is ample. For a normal variety X, a member of the anticanonical linear system |−K X | is called an elephant of X.
The existence of a smooth elephant plays an important role in the classification of smooth Fano 3-folds (cf. [8] , [9] ). Shokurov and Reid proved that a Fano 3-fold with only canonical Gorenstein singularities contains an elephant with only Du Val singularities. By using this result, Mukai ([16] ) classified the "indecomposable" Fano 3-folds with canonical Gorenstein singularities.
A Q-Fano 3-fold is one of the end products of the Minimal Model Program and it has non-Gorenstein singularities. There are much more families of Q-Fano 3-folds than Gorenstein ones and their classification is not completed.
In the non-Gorenstein case, a Q-Fano 3-fold X may have empty anticanonical system or have only non-Du Val elephants even if |−K X | = ∅. Actually, such examples are given in [4] , [2, 4.8.3] (See also Section 4). Moreover, although 3-fold terminal singularities are already classified ( [21] , [15] ), there are still many of them and it is complicated to treat them.
Locally, a 3-fold terminal singularity can be deformed to a variety with quotient singularities ( [21, (6.4 (i) There exists a deformation f : X → ∆ 1 of X over a unit disc such that the general fiber X t is quasi-smooth for t = 0, that is, it has only quotient singularities. (Such a deformation of X is called a Q-smoothing of X.) (ii) Assume that |−K X | contains an element D. Then there exists a deformation f : (X , D) → ∆ 1 of the pair (X, D) such that X t is quasi-smooth and D t ∈ |−K Xt | has Du Val singularities only on the singularities of X t for t = 0. (Such a deformation of (X, D) is called a simultaneous Qsmoothing of a pair (X, D). See also Definition 3.12.) Conjecture 1.1 (i) is solved in most of the cases as follows. Here a A 1,2 /4-singularity means a singularity locally isomorphic to a "hyperquotient" singularity (x 2 + y 2 + z 3 + u 2 = 0)/Z 4 (1, 3, 2, 1). (See Section 2.2 for the notation.)
)]). It is easier to treat Q-Fano
The main issue in this paper is Conjecture 1.1 (ii). A typical example of a simultaneous Q-smoothing can be given for a quasi-smooth Q-Fano weighted hypersurface in Iano-Fletcher's list [4] . If we take some special equation, it does not have a Du Val elephant. However, a general member of the family contains a Du Val K3 surface as its elephant. (We explain this phenomenon in Example 4.4.)
The following is the main result of this paper. Theorem 1.3. (= Theorem 3.13) Let X be a Q-Fano 3-fold. Assume that there exists D ∈ |−K X | with only isolated singularities.
Then there exists a simultaneous Q-smoothing of (X, D).
In particular, X has a Q-smoothing.
The statement of Theorem 1.3 is not empty since there is an example of a QFano 3-fold with only terminal quotient singularities and with only non log canonical elephants (Example 4.4).
Also note that we do not need the assumption on terminal singularities on X.
When X has only non-normal elephants, the problem becomes more subtle. There is an example of a klt Q-Fano 3-fold with only isolated cyclic quotient singularities such that its small deformations have only non-normal elephants (See Example 4.7). However, we can at least reduce the problem to a local problem as follows. Then the pair (X, D) also has a simultaneous Q-smoothing.
1.1.
Strategy of the proof. To prove Theorem 1.3, we use a coboundary map of a local cohomology group associated to a certain resolution of the pair (X, D). Namikawa-Steenbrink also used some coboundary map to prove the smoothability of Calabi-Yau 3-folds with terminal singularities ([19, Section 1]). While they can use arbitrary log resolution of singularities in their definition of the coboundary map, we need to choose a special resolution carefully. We shall give a sketch of the proof of Theorem 1.3 in the following. which deforms singularities of D i . By Theorem 1.2, we can assume that U i is locally isomorphic to
. Since U i contains a Du Val elephant (cf. [21] ), there exists η i ∈ T 1 (Ui,Di) which induces a simultaneous Q-smoothing of (U i , D i ). We study the restriction homomorphism
There exists an exact sequence
where Θ X (− log D) is the sheaf of tangent vectors which vanish along D. One direct approach is to try to prove H 2 (X, Θ X (− log D)) = 0. However, this strategy does not work well. Thus we should study the map ⊕p Ui more precisely.
For this purpose, we use some local cohomology groups supported on the exceptional divisor of a suitable resolution µ i :Ũ i → U i of the pair (U i , D i ) for i = 1 . . . , l.
We use the commutative diagram of the form
i (p i ) and φ i is the coboundary map.
One of the key points of the proof is to show that the coboundary map φ i does not vanish. Actually, in Lemma 3.10, we show that
is the set of deformations induced by functions of order 2 or higher (See (11) for the definition). In order to show this, we should carefully choose a resolution µ i :Ũ i → U i . We first choose a suitable weighted blow-up µ i,1 :
and Lemma 3.4). Next we construct a suitable resolution µ i,12 : (Lemma 3.6) . By these careful choices, we can prove the statement (1) in Lemma 3.10. This subtlety of choosing a suitable resolution does not appear in the previous approach of finding a global smoothing as in [19] , for example. Thus this issue is a new feature of our method.
We can also show that ψ i is surjective since D is ample and X \ D is affine. Here we need the Fano assumption.
By these two statements, we can do diagram-chasing in the above diagram to find a simultaneous Q-smoothing direction η ∈ T 1 (X,D) . This is a sketch of the proof. The framework of the proof of Theorem 1.4 is similar.
Preliminaries on deformations of a pair
2.1. Deformation of a morphism of algebraic schemes. In this paper, we often use the following notion of a functor of deformations of a closed immersion of algebraic schemes. Definition 2.1. (cf. [24, 3.4 .1]) Let f : D ֒→ X be a closed immersion of algebraic schemes over an algebraically closed field k and S an algebraic scheme over k with a closed point s ∈ S. A deformation of a pair (X, D) over S is a data ( 
We define the functor Def (X,D) : A → (Sets) by setting
where (equiv) means the equivalence introduced in the above. Similarly, we can define the deformation functor Def X : A → (Sets) of an algebraic scheme X. Actually, we have Def X = Def (X,∅) .
In this paper, we just treat the cases when D is a divisor. Next, we introduce the notion of a deformation of a pair of a variety and several effective Cartier divisors. Remark 2.3. Let X be a smooth variety and D = D j a SNC divisor on X. Then we have the well-known isomorphism
2.2. Preliminaries on weighted blow-up. We prepare several properties of the weighted blow-up. We refer [7, Section 2] for more details. Let v := 1 r (a 1 , . . . , a n ) ∈ 1 r Z n , N := Z n + Zv a lattice and M := Hom(N, Z). Let e 1 := (1, 0, . . . , 0), . . . , e n := (0, . . . , 0, 1) be a basis of N R := N ⊗ R and σ := R n ≥0 ⊂ R n the cone determined by e 1 , . . . , e n . Let U v := Spec C[σ ∨ ∩ M ] be the associated toric variety. We know that U v ≃ C n /Z r (a 1 , . . . , a n ), where the R.H.S. is the quotient of C n by the Z r -action
an r x n ), where x 1 , . . . , x n are the coordinates on C n and ζ r is the primitive r-th root of unity. In this case, we say that 0 ∈ C n /Z r is a 1/r(a 1 , . . . , a n )-singularity.
. . , b n ) ∈ N be a primitive vector such that b i > 0 for all i. Let Σ 1 be a fan which is formed by the cones σ i generated by {e 1 , . . . , e i−1 , v 1 , e i+1 , . . . , e n } for i = 1, . . . , n. Let U 1 be the toric variety associated to the fan Σ 1 . Let µ 1 : U 1 → U be the toric morphism associated to the subdivision. It is a projective birational morphism with an exceptional divisor E 1 := µ −1 1 (0). We call µ 1 the weighted blowup with weights v 1 .
Let
. . , x n ] be the Z r -semi-invariant polynomial with respect to the Z r -action on C n . Let
Then we have the following;
be the affine open subset which corresponds to the cone σ i . Then we have
i−th r , . . . , −a n ).
Moreover the morphism
).
2.3.
Deformations of a divisor in a terminal 3-fold. We first define discrepancies of a log pair.
Definition 2.5. Let U be a normal variety and D its divisor such that
is a Cartier divisor for some positive integer m. Let µ :Ũ → U be a proper birational morphism from another normal variety and E 1 , . . . , E l its exceptional divisors. LetD ⊂Ũ be the strict transform of D.
We define a rational number a(E i , U, D) as the number such that
We call a(E i , U, D) the discrepancy of E i with respect to the pair (U, D).
Let U be a Stein neighborhood of a 3-fold terminal singularity of Gorenstein index r and D a Q-Cartier divisor on U . We have the index one cover π U : U (D). We can define functors of G-equivariant deformations of (V, ∆) as follows.
is the set of deformations (V, ∆) of (V, ∆) over A with a G-action which is compatible with the G-action on (V, ∆).
We can also define the functor Def (6) Def
Moreover, these functors are unobstructed and the forgetful homomorphism Def (U,D) → Def U is a smooth morphism of functors.
This proposition implies the following.
We check these isomorphisms in the following examples.
In this case, we can write V = C 3 and ∆ = (
where
We often use push-forward of an exact sequence by an open immersion. an exact sequence on U := X \ Z. Assume that depth p ι * F ≥ 3 for all schemetheoretic points p ∈ Z.
Then we obtain an exact sequence
Proof. We have R 1 ι * F = 0 by the condition on the depth of ι * F . This implies the required surjectivity. Proposition 2.10 immediately implies the following lemma on a restriction homomorphism of extension groups.
Lemma 2.11. Let X, U as in Proposition 2.10. Let F be a reflexive sheaf on X. Assume that depth p O X,p ≥ 3 for all scheme theoretic points p ∈ Z.
Then we have
We repeatedly use the following lemma which is also a consequence of Proposition 2.10. 
Proof. Note that mult p g ≤ 1 for p ∈ Γ since (f + tg = 0) is a smoothing. Consider the linear system
By Bertini's theorem, the divisor C [s:t] is smooth away from the base points of the linear system, for all but finitely many values of [s : t]. If p ∈ C 3 is a base point of the linear system, then either p ∈ Γ, in which case C [0:1] is smooth at p, or is not, and in this case, C [1:0] is smooth at p. Since being smooth at a base point is an open condition, we have that C t is smooth at all points of C 3 for all but finitely many values of t.
We also use the following lemma on the vanishing of a cohomology group on a toric variety which is a consequence of the vanishing theorem due to Fujino ([5] ).
Lemma 2.14. Let U be an affine toric variety and π : V → U a projective toric morphism of toric varieties. Let V ′ ⊂ V be the smooth locus of V and ι :
for i > 0 and j ≥ 0.
Proof. By the Serre vanishing theorem, we can take a sufficiently large integer l such that lD is π-very ample and
This implies that
We finish the proof of Lemma 2.14.
2.5. Blow-down morphism of deformations. Let X be an algebraic variety and X → X its resolution of singularities. Suppose we have a deformationX → Spec A over an Artin ring A. If X has only rational singularities, we can "blow-down" the deformationX to a deformation of X. We need the following proposition in general setting.
Proposition 2.15. ([28,
Section 0]) Let X be an algebraic scheme over k and A ∈ A. Let X → Spec A be a deformation of X and F a quasi-coherent sheaf on X , flat over A, inducing
Proposition 2.15 implies the following. 
We call this transformation the blow-down morphism.
For a surface with non-rational singularities, Wahl considered "equisingularity" of deformations via the blow-down transformation. Although the blow-down transformation is not always possible, we can still consider the "equisingular deformation functor" as follows.
Definition 2.17. Let U := Spec R be an affine normal surface over k with a singularity at p ∈ U and f : X → U a resolution of a singularity such that f −1 (p) has SNC support. Wahl ([28, (2.4)]) defined an equisingular deformation of the resolution of a singularity as a deformation of (X, E) whose "blow-down" can be defined. More precisely, he defined a functor ES X : (Art) k → (Sets) by setting
There exists a natural transformation f * : ES X → Def U and this induces a linear map f * (A 1 ) : ES X (A 1 ) → Def U (A 1 ) on the tangent spaces.
Equisingular deformation should preserve some properties of a singularity. For example, it is known that equisingular deformations of an isolated 2-dimensional hypersurface singularity do not change the Milnor number ( [28] ). In particular, smoothings of a hypersurface singularity can not be equisingular. However, the situation is a bit different in higher codimension case. Although a singularity has high multiplicity in general, an equisingular deformation may be induced by an equation of multiplicity one. This phenomenon does not happen in the hypersurface case as shown in Lemma 2.13. In the following, we exhibit such an example due to Wahl ([29] ) of a deformation of an isolated complete intersection singularity (ICIS for short).
, where x, y, z, w are coordinates on C 4 and t is a deformation parameter of C. For any value of t, the singularity U t is a cone (C t , K Ct ) for a smooth curve C t of genus 3 and its canonical bundle, that is,
is a hyperelliptic curve and C t for t = 0 is a smooth quartic curve in P 2 . The singularity has a resolution
is the total space of the line bundle O Ct (K Ct ). It is actually a contraction of the zero section. Thus we get a family of contractionsŨ → U.
Let η w ∈ T 1 (U,p) be the element corresponding to the deformation U. By the above description, we see that η w ∈ Im f * , where
U,p /J p for the Jacobian sub-module J p determined by the partial derivatives of the defining equations of U . Since the order of w is one, we see that η w ∈ m 2 U,p T 1 (U,p) . We use the pair version of the blow-down transformation as follows. Let X be a normal variety with only rational singularities and D = j∈J D j a sum of effective Cartier divisors D j on X. Let µ :X → X be a resolution of singularities of X. LetD ⊂X be the strict transform of D and E = m i=1 E i the exceptional locus of µ. Since X has only rational singularities, we see that µ * OX ≃ O X and R 1 µ * OX = 0. 
We can blow down a deformationX ofX over A as in Corollary 2.16 since R 1 µ * OX = 0. Let I Dj , I Ei ⊂ OX be the ideal sheaves of given deformations of D j , E i respectively. We can write
by some non-negative integers a i,j . We can define a deformation of D j ⊂ X by the ideal
We can check that this ideal is A-flat by Proposition 2.15 (iii) and
Example 2.20. Let D ⊂ U be a reduced divisor in a smooth 3-fold U . Let µ :Ũ → U be a proper birational morphism from another smooth varietyŨ . Let D ⊂Ũ be the strict transform of D and E the µ-exceptional divisor. Then we can define a natural transformation µ * : Def (Ũ ,D+E) → Def (U,D) and this induces a homomorphism µ * :
on the tangent spaces. We use this homomorphism in the proof of Lemma 3.10. The point is that we can define the blow-down transformation even if some irreducible component of D has non-isolated singularities. When D has only isolated singularities, the definition of the blowdown transformation is easier (See (12), for example).
Deformations of elephants with isolated singularities
In this section, we treat deformations of a pair of a Q-Fano 3-fold and a member of |−K X | with only isolated singularities.
3.1. First blow-up. Consider a Q-Fano 3-fold X and its elephant D with only isolated singularities. By Theorem 1.2, we can assume X with only quotient singularities and A 1,2 /4-singularities for the proof of Theorem 1.3.
Takagi proved the following theorem on singularities on general elephants of a Q-Fano 3-fold by using the standard argument. Then there exists a normal member D ∈ |−K X | such that D is Du Val outside the non-Gorenstein points.
Take a non-Du Val singularity p on D and its Stein neighborhood U ⊂ X. We first prepare lemmas on suitable weighted blow-ups of the Stein neighborhood U with "negative discrepancies". By Theorem 3.1, it is enough to consider U which is analytic locally isomorphic to either of the following;
• C 3 /Z r (1, a, r − a) for some coprime integers r and a,
We argue on these explicit spaces. We use the same symbol 0 for the origin of these spaces.
, we can take 1/r(1, a, r − a)-weighted blow-up for the first blow-up as follows.
Lemma 3.2. Let U = C 3 /Z r (1, a, r − a) be the quotient variety for some coprime integers r and a such that 0 < a < r and D ∈ |−K U | an anticanonical divisor with only isolated singularity at 0 ∈ U . Let π U : V = C 3 → U be the quotient morphism and ∆ := π −1 U (D). Assume that mult 0 ∆ ≥ 2. Let µ 1 : U 1 → U be the weighted blow-up with weights 1/r(1, a, r − a) and E 1 its exceptional divisor.
Then we have an inequality on the discrepancy
. By the formulas in Section 2.2, we have
. We see that m D ≥ 2 since ∆ is singular. Thus we can write
is a negative integer. Thus µ 1 satisfies the required condition.
Next we consider a neighborhood U of a A 1,2 /4-singularity. We describe a necessary weighted blow-up in the following example.
) be a neighborhood of a A 1,2 /4-singularity. Let µ 1 : U 1 → U be the weighted blow-up with weights 1/4(1, 3, 2, 1) and 3, 2, 1 ) be the weighted blow-up of weights 1/4(1, 3, 2, 1) and
U 1 is covered by four affine pieces
We can compute that U 1 has two ordinary double points p 1 , p 2 , a 1/2(1, 1, 1)-singularity q 2 and a 1/3(1, 2, 1)-singularity q 3 , where p 1 , q 3 ∈ D + (y) and p 2 , q 2 ∈ D + (z). We see that
where we regard x, y, z, u as coordinates on P(1, 3, 2, 1). We also see that E 1 consists of two irreducible components E 1,1 , E 1,2 corresponding to functions x + √ −1u and x − √ −1u. We see that E 1,1 and E 1,2 are both isomorphic to P(1, 2, 3) and they intersect transversely outside Sing
The weighted blow-up µ 1 in the example satisfies the following property on the discrepancy.
, µ 1 : U 1 → U and E 1 ⊂ U 1 be as in Example 3.3. Let D ∈ |−K U | be a divisor with only isolated singularity at 0 ∈ D which is not Du Val.
Then we have an inequality for the discrepancy
We have mult 0 (h) = 1 by the hypothesis. Let g ∈ Z 4 be the generator and
Then we see that D V has a Du Val singularity of type A 2 at 0 and D also has a Du Val singularity at 0. This contradicts the assumption. Thus we obtain the claim.
Let ∆ := (h = 0)/Z 4 ⊂ W be the divisor on W defined byh. We can writē h = h ijkl x i y j z k u l for some h ijkl ∈ C. We have Since mult 0 (h) ≥ 2, we have m 1 ≥ 1/2. Thus, by restricting (8) to U 1 , we obtain
We can compute
Thus we obtain
Since K U + D is a Cartier divisor, we see that 1/4 − l 1 is a negative integer. Thus we get the required inequality of the discrepancy.
3.2.
Second blow-up. Let U 1 → U be either one of the weighted blow-ups constructed in Section 3.1. We use the same notation as Section 3.1.
We construct a useful resolution U 2 → U 1 of (U 1 , D 1 + E 1 ) as follows.
Lemma 3.6. Let µ 1 : U 1 → U, D 1 and E 1 be those as in Section 3.1.
Then there exists a projective birational morphism µ 12 : U 2 → U 1 and a 0-dimensional subset Z ⊂ U 1 with the following properties;
(i) U 2 is smooth and µ
is an isomorphism or a blow-up of a smooth curve Z ′ i with either of the following;
• If the strict transform
As a consequence, the discrepancies satisfy
Proof. By the construction of µ 1 : U 1 → U , we see that U 1 has only isolated cyclic quotient singularities and ordinary double points. We also see that Nsnc(E 1 ) ⊂ Sing U 1 , where Nsnc(E 1 ) is the non-SNC locus of E 1 . Let ν 1 : V 1 → U 1 be a composition of blow-ups of smooth centers such that V 1 is smooth,
is a SNC divisor, and it induces an isomorphism ν
Let ∆ 1 ⊂ V 1 be the strict transform of D 1 . Then we see that the non-SNC locus of ∆ 1 ∪ F 1 is contained in ∆ 1 ∩ F 1 . We can construct a composition of smooth center blow-ups as
Let U 2 := V k , µ 12 := ν 1 • f k,1 and
We see that these satisfy the conditions (i) in the statement by (i)' and (iii)' of the properties of f k,1 . We see the property (ii) since the morphism ν 1 is an isomorphism outside Sing U 1 and Z i is contained in the inverse image of D 1 ∩E 1 by the condition (ii)'. We see the property (iii) by the property (ii)' of f k,1 . We can check the inequality a(E
We have an equality
We also have
We finish the proof of Proposition 3.6.
3.3.
The image of the blow-down morphism. Let U and D ∈ |−K U | with only isolated singularity at 0 ∈ D be as in Section 3.1. We study the image of the blow-down morphism (µ 1 ) * : T 
be the set of deformations induced by functions with multiplicity 2 or more.
(I) First consider the case where 0 ∈ U is a quotient singularity. Since V is smooth, we also have T Let µ 1 : U 1 → U be one of the weighted blow-ups constructed in Section 3.1. We can define the blow-down morphism (µ 1 ) * :
, where ι * 1 is the restriction by an open immersion ι 1 : U ′ ≃ U 1 \ E 1 ֒→ U 1 . This is same as the homomorphism introduced in Proposition 2.19.
We have a relation on Im(µ 1 ) * ⊂ T 1 (U,D) as follows. Lemma 3.7. Let U := Z r (1, a, r − a) for some coprime positive integers r and a. Let µ 1 : U 1 → U, D 1 and E 1 be as in Section 3.1.
Then we have the following.
Since U 1 has only isolated quotient singularities, we have an isomorphism
where ι 1 : U ′ 1 ֒→ U 1 is the smooth part. Since −K U1 is µ 1 -ample in each case, we see that
)) = 0 by Lemma 2.14. Thus we finish the proof of (i).
(ii) Take η 1 ∈ T 1 (U1,D1+E1) . We have an exact sequence (13)
Hence the deformation of D 1 induced by η 1 comes from some divisor D ′ 1 ∈ |D 1 |. In particular, it can be extended to a deformation over a unit disc ∆ 1 . We also obtain H 0 (E 1 , N E1/U1 ) = 0 since −E 1 is µ 1 -ample. Hence η 1 induces a trivial deformation of E 1 over a unit disc.
By these arguments and (i), the first order deformation η 1 can be extended to a deformation (U 1 ,
For t ∈ ∆ 1 , let D t , D 1,t be the fibers of D, D 1 over t and m 1,t a rational number such that µ * 1 D t = D 1,t + m 1,t E 1 . The above relations imply that m 1,t is invariant for all t ∈ ∆ 1 . Suppose that there exists η 1 ∈ T 1 (U1,D1+E1) such that (14) (
. We use the inclusion T (14), we obtain mult 0 h 1 ≤ 1. Then we see that m 1,t ≤ (1/r) max{1, a, r − a} for t = 0 by the formula (5). However we see that m 1,0 ≥ 1+1/r by the calculation in the proof of Lemma 3.2. This is a contradiction.
Hence we finish the proof of (ii).
(II) Next we consider a neighborhood of a A 1,2 /4-singularity. Let U := (x 2 + y 2 + z 3 + u 2 = 0)/Z 4 (1, 3, 2, 1) and µ 1 : U 1 → U the weighted blow-up as in Lemma 3.4. 
By taking the push-forward of the above sequence by the open immersion ι 1 : U ′ 1 ֒→ U 1 , we obtain an exact sequence
where * * is the double dual. The surjectivity follows since (ι 1 )
is a CohenMacaulay sheaf and it implies R 1 (ι 1 )
By Lemmas 2.11 and 2.12, we obtain
. Thus the homomorphism e 1 in (15) sends an embedded deformation of U 1 ⊂ W 1 to the corresponding deformation of U 1 .
We have the following proposition on the surjectivity of e 1 .
Lemma 3.8. Let U, U 1 , W, W 1 be as above. Then we have
In particular, we see that e 1 is surjective by the sequence (15).
Proof. The local-to-global spectral sequence induces an exact sequence
where Ext 1 is the sheaf of Ext groups. Thus it is enough to show the second and fourth terms are zero.
First we show that
is Cohen-Macaulay on W 1 . By this Cohen-Macaulayness and Proposition 2.10, we obtain an exact sequence
Thus we have an exact sequence
by Lemma 2.14 since −K W1 ≡ ν1 −3/4F 1 is ν 1 -ample. Here ≡ ν1 means the numerical equivalence over W . Similarly, we see that
We can compute that Sing W 1 ∩ U 1 = {q 2 , q 3 } consists of two quotient singularities as described in Example 3.3. Hence it is enough to check Ext
for i = 2, 3. By Lemma 2.11, we obtain
Thus we finish the proof of Lemma 3.8.
For a neighborhood U of a A 1,2 /4-singularity, we also have the blow-down morphism (µ 1 ) * :
be the forgetful homomorphisms. Then we have the following claim on Im(µ 1 ) * .
Lemma 3.9.
(
Since H 1 (W 1 , O W1 ) = 0, the embedded deformation of U 1 ⊂ W 1 comes from some divisor U ′ 1 ∈ |O W1 (U 1 )| and can be extended over a unit disk ∆ 1 . By this and Lemma 3.8, we see that a deformation p U1 (η 1 ) ∈ T 1 U1 is induced by a deformation
We have a relation
for some m 1 ∈ Q >0 . For t ∈ ∆ 1 , this induces a relation on the fibers over t ν *
, we see that U is a Q-smoothing of U since T 1 U ≃ C is generated by a Q-smoothing direction. Thus we see that m 1,t < m 1,0 as in the proof of Lemma 3.7 (ii). This is a contradiction. Thus we finish the proof of (i).
(ii) Let U 1 → ∆ 1 be a deformation constructed in (i). Since there is an exact sequence as in (13) , the deformation η 1 ∈ T 1 (U1,D1+E1) can be extended to a deformation 
Since
We have the following lemma on the kernel of the above coboundary map.
Lemma 3.10. Let φ U be as in (17) and we use the same notations as above. Then we have Ker φ U ⊂ ϕ SD (m 2 T
(U,D)
). In particular, we have φ U = 0.
Proof. Let E 12 ⊂ U 2 be the µ 12 -exceptional locus. Let U
We have the following relation;
We see that G ′ 2 is effective since we have
by Lemmas in Section 3.1 and Lemma 3.6. Set G
we obtain the following commutative diagram;
). Since we have the relations (22) Ker D) ) in the following. First, we prepare the diagram (23) 
this induces an isomorphism
). Thus we have an isomorphism
where (µ D) ). Thus we finish the proof of Lemma 3.10.
3.5. Proof of Theorem. We define the "V-smooth pair" as follows.
Definition 3.11. Let U be a 3-fold with only terminal quotient singularities and D ⊂ U its reduced divisor. A pair (U,
We define "simultaneous Q-smoothing" as follows.
Definition 3.12. Let X be a 3-fold with only terminal singularities and D ∈ |−K X | an anticanonical element.
We call a deformation f : (X , D) → ∆ 1 a simultaneous Q-smoothing if X t and D t have only quotient singularities and (X t , D t ) is a V-smooth pair (Definition 3.11).
We give the proof of the main theorem in the following. Theorem 3.13. Let X be a Q-Fano 3-fold such that there exists an element D ∈ |−K X | with only isolated singularities.
Then (X, D) has a simultaneous Q-smoothing.
Proof. By Theorem 1.2, we can assume that X has only quotient singularities and By patching these µ i,2 for i = 1, . . . , l and µ i for i = l+1, . . . , l+l ′ , we construct a projective birational morphism µ :X → X such thatX is smooth and µ −1 (D) ⊂X is a SNC divisor. LetD ⊂X be the strict transform of D and E ⊂X the µ-exceptional divisor. Also letD i :=D ∩ µ −1 (U i ) and
We use the following diagram; (24)
be an element inducing a simultaneous Q-smoothing of (U i , D i ). We see that H 2 (X, Ω 2X (logD + E)) = 0 since 
by Lemma 3.7 for ϕ SD i :
. Let π i : V i → U i be the index one cover and ∆ i := π (25) and Lemma 2.13, we see that p Ui (η) induces a smoothing of ∆ i . Thus it induces a simultaneous Q-smoothing of (U i , D i ) as well.
By [22, Theorem 2.17] , we can lift the first order deformation η to a deformation f : (X , D) → ∆ 1 of (X, D) over a unit disc ∆ 1 . This f induces a simultaneous Q-smoothing of (U i , D i ) for i = 1, . . . , l. Thus we can deform all non-Du Val singularities of D and obtain a Q-Fano 3-fold with a Du Val elephant as a general fiber of the deformation f . Moreover, by [22, Theorem 1.9] , there exists a simultaneous Q-smoothing of this Q-Fano 3-fold. Thus we finish the proof of Theorem 3.13.
Examples
Shokurov and Reid proved the following theorem. 2, 2, 3, 7) be a weighted hypersurface with coordinates x, y 1 , y 2 , z, w of weights 1, 2, 2, 3, 7 respectively. This is a modified version of an example in [2, 4.8.3] .
We can check that X has only terminal singularities. It has three 1/2(1, 1, 1)-singularities on the (y 1 , y 2 )-axis, a terminal singularity (x 2 + w 2 + z 4 + y 2(1, 1, 1) . The singularity is not Du Val. In fact, we see that it is even not log canonical by computing a resolution of singularity explicitly.
We exhibit a simultaneous Q-smoothing of this (X, D) explicitly. For λ ∈ C, let
For sufficiently small λ = 0, we see that X λ has only terminal quotient singularities and a Du Val elephant. Indeed, we see that |−K X λ | = {D λ }, where
is a quasi-smooth hypersurface with only Du Val singularities.
Example 4.5. Let X := X 16 := (x 16 + x(z 5 + zy 6 ) + yu 2 + w 4 = 0) ⊂ P(1, 2, 3, 4, 7) be a weighted hypersurface with coordinates x, y, z, w, u with weights 1, 2, 3, 4, 7 respectively.
Firstly, we check that X has only terminal singularities. By computing the Jacobian of the defining equation of X, we see that X is quasi-smooth outside the points on an affine piece y = 0 such that x = w = u = 0 and z(z 4 + y 6 = 0). We can describe the singularities as follows; An affine piece (x = 0) is smooth. An affine piece (y = 0) has two singularities isomorphic to (xz + w 4 + u 2 = 0) ⊂ C Next, we check that |−K X | has only non-normal elements. Indeed, we have |−K X | = {D} with D = (yu 2 + w 4 = 0) ⊂ P(2, 3, 4, 7) and the singular locus Sing D is non-isolated. Actually, D is not normal crossing in codimension 1. We also see that Sing D ≃ P 1 ⊔ {pt}.
We could not find an example of a Q-Fano 3-fold without Du Val elephants such that h 0 (X, −K X ) ≥ 2. Thus the following question is natural.
Problem 4.6. Let X be a Q-Fano 3-fold such that h 0 (X, −K X ) ≥ 2. Does there exist a Du Val elephant of X? Or, does there exist a normal elephant of X?
We can find an example of a klt Q-Fano 3-fold with only isolated quotient singularities whose anticanonical system contains only non-normal elements as follows.
Example 4.7. Let X := X 15 ⊂ P(1, 1, 5, 5, 7) be a general weighted hypersurface of degree 15 in the weighted projective space. Then X has only three 1/5(1, 1, 2)-singularities and one 1/7(1, 5, 5)-singularity. We see that −K X = O X (4) and the linear system |−K X | contains only reducible members. Since general hypersurfaces X satisfy this property, the statement as in Conjecture 1.1 (ii) does not hold in this case.
Non-isolated case
If D ∈ |−K X | has non-isolated singularities, the deformation of singularities gets complicated and we do not know the answer for Conjecture 1.1. However, we can reduce the problem to certain local setting as follows.
Theorem 5.1. Let X be a Q-Fano 3-fold. Assume that there exists a reduced member D ∈ |−K X | such that C := Sing D is non-isolated. Let U C be an analytic neighborhood of C and D C := D ∩ U C . Assume also that there exists a deformation (U C , D C ) → ∆ 1 such that D C,t has only isolated singularities for 0 = t ∈ ∆ 1 . Then there exists a simultaneous Q-smoothing of (X, D).
For the proof of the theorem, we need to construct the following resolution of singularities of (X, D). The construction is similar to Lemma 3.6.
Proposition 5.2. Let X, D be as in Theorem 5.1. There exists a projective birational morphism µ :X → X and a 0-dimensional subset Z ⊂ X with the following properties;
(i)X is smooth and
where µ
As a consequence, the divisor
is an effective divisor supported on E ′ k . Proof. Let ν 1 : X 1 → X be a composition of blow-ups of smooth centers such that X 1 is smooth, the exceptional locus E 1 of ν 1 is a SNC divisor and ν 1 is an isomorphism over X \ Sing X. Thus the strict transform D 1 ⊂ X 1 of D is a reduced Cartier divisor. By applying [3, Theorem A.1] to the pair (X 1 , D 1 ), we can construct a composition of blow-ups
where µ i : X i+1 → X i is a blow-up of a smooth center Z i ⊂ X i such that, for each i,
the union of 0-dimensional images of the centers on X 1 . Then we see that thesẽ X, µ, Z satisfy the condition (i) in the statement by the construction of µ. We can check (ii) by Sing X ⊂ Sing D and (ii)'. We check (iii) as follows.
′ is a composition of blow-ups of smooth curves Z 
By the condition (iii) of the resolution µ in the statement, we see that the divisor 
where the homomorphisms ψ and φ C are the coboundary maps and the homomorphism ι * D) induced by η. By (33) and Lemma 2.13, we see that D t has only isolated singularities for t = 0. Hence, by applying Theorem 1.3 to (X t , D t ), we finally obtain a simultaneous Q-smoothing of (X, D). 
Appendix: Existence of a good weighted blow-up
Let U = C 3 and 0 ∈ D ⊂ U a normal divisor with a non-Du Val singularity at 0 ∈ D. As Lemmas 3.2 and 3.4, we can find a good weighted blow-up as follows. Although we do not need these results in this paper, we treat this for possible use for another problem.
The following is an easiest case where a singularity on a divisor is a hypersurface singularity of multiplicity 3 or higher. Proof. This follows since we have K U1 = µ * 1 K U + 2E 1 and
We use the following notion of right equivalence ([6, Definition 2.9]).
Definition 6.2. Let C{x 1 , . . . , x n } be the convergent power series ring of n variables. Let f, g ∈ C{x 1 , . . . , x n }. f is called right equivalent to g if there exists an automorphism ϕ of C{x 1 , . . . , x n } such that ϕ(f ) = g. We write this as f r ∼ g.
The following double point in a smooth 3-fold is actually the most tricky case. Then there exists a birational morphism µ 1 : U 1 → U which is a weighted blow-up of weights (3, 2, 1) or (2, 1, 1) for a suitable coordinate system on U such that the discrepancy a(E 1 , U, D) of the µ 1 -exceptional divisor E 1 satisfies a(E 1 , U, D) ≤ −1.
by the formula (5). Thus we obtain
Hence µ 1 has the required property.
If γ = δ = 0, we can write g = y 3 + h 6 for some nonzero h 6 such that mult 0 h(y, z) ≥ 6. Let µ 1 : U 1 → U be the weighted blow-up with weights (3, 2, 1) as above. We can similarly check that this µ 1 has the required property.
